We present a variational approach to general Lienard type equation in order to linearize it and as an example Van der Pol oscillator is discussed. The new equation which is almost linear is factorized. The point symmetries of the deformed equation is also discussed and the two dimensional Lie algebraic generators are obtained.
Introduction
Investigation of partial and ordinary nonlinear differential equations is one of the popular recent problems in mathematical physics. A typical example of a relaxation oscillator is known as Van der Pol limit cycle [1] . Van der Pol equation can be adapted to study the Lienard equation. This paper mainly devoted to study Lienard type equations whose dynamic properties have been widely studied due to the applications in many fields such as physics, mechanics and engineering [1, 2, 3, 4, 5, 6, 7, 8] . This kind of general equations and their properties are studied within many methods. Factorization method [9] is one of these topics and it can be applied to a class of nonlinear differential equations including commonly Lienard type equations [10, 11, 12] . Beyond the factorization method, Lie group approach which is an integrability method is a powerful tool for obtaining solutions and investigating the symmetry properties of the differential equations [13, 14, 15] . In this paper, variational approach and factorization of the system are discussed in section 2. In addition, section 3 involves a short discussion of the Lie symmetries of the system, the results are concluded in section 4.
Linearizing and factorization
During the process of deriving Euler's equation one writes
If we write a difference equation of the form
= ∂f ∂y
and then continue with introducing the variation of f as
where δy = αy 1 and δy ′ = αy ′ 1 . Thus the variation of f is expressed in terms of constant α. Thus, this operation can be applied to a differential equation called as general Lienard equation:
where the dots correspond derivatives of x(t) with respect to t. Now apply the variational operator to (5) that is defined by δx n = nx n−1 δx = y n . Here the differential and variational operators are commuting
As an example, we can discuss Van der Pol type equation where F (x(t)) = ε(1 − x(t) 2 ). In this case (5) will be introduced as a complex differential equation [16] 
where the complex variable z = z 1 +iz 2 and the equation admits the translation symmetry z(t) → z(t+δ), phase symmetry z(t) → e iθ z(t), spatial symmetry z(t) → −z(t), conjugation symmetry z(t) → z * (t). (7) can be written in a general form:z
where G(t) is an unknown function. If the variational operation is applied to (8)
is obtained and (8) turns into the form
here δz 1 = Y (t) is used, we assume that δz 2 = 0 in the equation given above, according to non-analytical zz * . Henceforth, we can discuss the factorization of (10). We use a homographic transformation D(α, β, θ) that is generally given by
and makes the ordinary differential equation (10) is form invariant. Under this transformation D(α, β, θ),
In order to transform (12) into an equation below that is addressed as canonic form of type I in [17] :
one must write
(Ln α)
In [18] it is pointed out that (14) is essential to obtain (13) and equations in (14) must be satisfied. In this study we will follow a more general way, there won't be such a restriction given in (14) . We will use (10) that can be factorized as
where f 1 and f 2 satisfy the relations:
We want to show that if (10) admits the factorization for f 1 and f 2 have the form
where α is a constant and can be found as α = ±i 
The second bracket in (15) allows us to writė
which is a Bernoulli differential equation and we obtain the solutions of the form [19] 
In order to derive special exact solutions, assume that (∂ t − f 1 )Y = ψ(t), and it yieldṡ
and this choice will lead to have more general solutions. In [10] the author selected a constant function f 2 (Y ) but we want to use a non-constant f 2 which is given by the second formula in (17) . Then, (21) can be given byẎ
Thus, Y can be derived easily as solving this equatioṅ
The solution is introduced as [19] 
where t dependent function ϕ is defined bẏ
Assume that ϕ is a constant. Thus, a special solution for ω is given by
where C 1 is an integration constant. Now, let us choose F 2 as
then, using (28) and (18), the following expression can be obtaineḋ
and the solution of z is introduced by
where c and θ are some constants. In this case, (29) is satisfied when
Thus, F 1 , F 2 and G are expressed by
Symmetries of the deformed equation
The point symmetry of (10) will be discussed here. As it is stated in [11] , the differential equations that forms a system
is invariant under the X which is an infinitesimal generator such that
So, the infinitesimal generator for (10) will have a form
for a second order equation
where the point transformations in the plane are given bȳ
Thus we have
The equation above can also be written [13] 
In this case, f = −F 1 y ′ − F 2 y 2 − Gy and here the derivatives are taken with respect to x and y is used instead of Y here. We can group the equations as
Thus we can obtain ξ from (43)
On the other hand, from (44), η takes the form
W (x) = 0 and α(x) = 0 can be obtained by using (47) and (49). If η y − 2ξ x in (46) is used in (47) we get
and using (45)
where A, B are constants. We can obtain S(x) using (48) as
where C 1 , C 2 are constants and α ± can be given in terms of the parameters of (10):
If we use the values of F 1 , F 2 and G and (47) we have
where the derivative of G is zero as it is seen from (34). Then, we can obtain
Finally we get the value of θ which is same with the result obtained in the previous section which means that the positive sign should be used for θ in (33). Thus, two dimensional generators are obtained as
the commutation between these operators is [X 1 , X 2 ] = 0 and the group is not closed.
Conclusion
The (7) is invariant under spatial reversal but (10) is not invariant under Y → −Y and it is not invariant under both spatial and ε = i, i → −i parameter and t → −t reversal. Besides factorization, the symmetry of equation (10) is examined within point symmetries and two dimensional generators are obtained. The group is not closed, however we have concluded the parameter θ of z(t) is the same as that obtained with both the symmetry equations and factorization results.
The skeleton for (10) is a flat surface such that this equation has two-dimensional generators, as is shown in figure 1 .
